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NEW EQUATIONS FOR CENTRAL CONFIGURATIONS 
AND GENERIC FINITENESS 

THIAGO DIAS 


Abstract. We consider the finiteness problem for central configura¬ 
tions of the n—body problem. We prove that, for n > 4, there ex¬ 
ists a (Zariski) closed subset B in the mass space R", such that if 
€ R" \ B, then there is a finite number of correspond¬ 
ing classes of (n — 2)—dimensional central configurations for potential 
associated to a semi-integer exponent. Also, we obtain trilinear homo¬ 
geneous polynomial equations of degree 3 for central configurations of 
fixed dimension and, for each integer fc > 1, we show that the set of 
mutual distances associated to a fc—dimensional central configuration is 
contained in a determinantal algebraic set. 


1. Introduction 

Suppose xi,...,Xn G are the coordinates of punctual particles with 
respective positive masses mi, The vector x = (xi, ■■■,Xn) G will 

be called configuration. 

Assume that the mutual distances = ||xj — Xj||, 1 < i < j < n are non¬ 
zero real numbers and consider a family of homogeneous potentials defined 
by: 

(1.1) Ua{x) = - , 

Kj 

Z 

if a G — = {a : 2o G Z} and a 7 ^ —1, or 

( 1 . 2 ) Ua{x) = log rjj, 

i<j 

if a = — 1. The equations of motion of the n particles are given by: 

^ QJJ 

(1.3) mjXj = '^mjmiri^{xi - Xj) = j = l,...,n. 

i=l ^ 

The n—body problem consists in solving the system of equations (II.3p . 
When a = — I we have the Newtonian n-body Problem. 
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Definition 1.1. The configuration x, is called central configuration associ¬ 
ated to the potential Ua, where 2a G Z, if there exists A 7 ^ 0 such that 

(1.4) ^ mfixi - xfirff + \{xj - c) = 0, j = 1,n, 

for which 

c = — (mixi + • • • iTinXn) and M = mi + • • • 0 

M 

are, respectively, the center of mass and the total mass. 

We notice that in the case a = 0 every configuration x = (xi, ...,Xn) is 
central, with A = M, and the system (|1.3p is immediately integrated. 

An excellent reference about the role of the exponent a in the discussion 
of central configurations is |Alb03| . The set of central configurations is 
invariant under rotations, translations and dilations, therefore, it is natural 
to study this up to these transformations. The problem of counting the 
solutions of the equations (11.41) is fundamental in Celestial Mechanics, since 
the only known explicit solutions to the n-body problem are homographic 
orbits, and these orbits have central configurations as initial conditions. 
In |Chal 8 | . Chazy proposed the following problem, that appears in Smale’s 
list |Sma98| as: 

“For any choice of positive real numbers mi,..,mn, is the number of 
central configurations finite? ” 

This question also appears in |Win41| . Currently, it is known as Chazy- 
Wintner-Smale conjecture or finiteness problem. 

The dimension of a configuration x, denoted by 6{x), is the dimension of 
the smallest affine space that contains the points xi, ...,Xn G If d{x) = 
1,2 or 3, we say, respectively, that the configuration x is collinear, planar 
or spatial. 

The dimension of a configuration is an invariant that plays a very im¬ 
portant role in obtaining results on the finiteness problem. For a = — |, 
Euler showed that, for each triple of positive masses, there exists an unique 
collinear central configuration of 3 bodies, up to reordering masses. Moulton 
generalized this result for collinear configurations of n bodies. See |Eul67] 
and [MoulOj . Lagrange proved that for each choice of positive masses mi, 
m 2 and m 3 , the unique planar central configuration with 3 bodies is the 
equilateral triangle |L^ . More generally, Saari proved that, if we choose 
positive masses mi,...,m„, then the only associated (n — 1 )—dimensional 
central configuration is the regular (n — I)-dimensional simplex [Saa 8 nj . 

Recently, Moeckel and Hampton [HMOfi] proved that there exists a fi¬ 
nite number of planar central configurations with four bodies. Albouy and 
Kaloshin proved, in [AK12j . the generic finiteness for planar central config¬ 
urations in the five-body problem. 

Moeckel proved, in [Moef)I| . the generic finiteness for central configura¬ 
tions of dimension 6{x) = n — 2. In |H.II1| . Hampton and Jensen obtained 
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an explicit condition in the masses for generic finiteness of spatial central 
configurations with 5 bodies. This strengthened the generic hniteness result 
of Moeckel in this case. 

We would like to emphasize that our inspiration is Moeckel’s article 
P oe m\- Among other reasons, his work is important because it contains 
hniteness results obtained using algebraic geometric tools like the hbre di¬ 
mension Theorem for quasi-projective varieties. 

In the present article, we use the Jacobian criterion to generalize the re¬ 
sult of eeneric hniteness obtained in |Moe m for n — 2 dimensional central 
conhgurations with semi-integer exponent of the potential. In addition, we 
prove that x is a A:—dimensional central conhguration if, and only if, the 
associated Cayley-Menger matrix has rank k + 2. This allows us to show 
that the set of mutual distances associated to a A:—dimensional central con¬ 
hguration is contained in a determinantal algebraic set. The new equations 
for central conhgurations will be presented in Theorem 12.21 and Proposition 


[331 


We remark that to extend Moeckel’s approach to generic hniteness for 
potentials Ua, 2a G Z, by a simple adaptation of the argument given in 
[MoeOl] it is necessary to prove that the resultant of the polynomials gfj 
and F dehned in section 4 of this paper is not trivial for every a with 
2a G Z \ {0}. When a is a prime number, replacing the third roots of 
unitv bv |2a|-th roots of unitv in the statement of Prooosition 5 of |Moe M] 
and using the |2a|-th cyclotomic polynomial, we can adapt the proof of this 
Proposition. This allows to hnd a point that is not in the zero locus of the 
resultant. However, in order to adapt the proof of Proposition 5 to a general 
semi-integer potential a, we do need to know the coefficients of the |2a|—th 
cyclotomic polynomial and this is not an easy task in general. 

Acknowledgements. I wish to thank Eudes Naziazeno and Marcelo Pedro for 
their helpful remarks, Eduardo Leandro for being the advisor on this work, 
the anonymous referee for the valuable comments and the Department of 
Mathematics at Universidade Federal Rural de Pernambuco for their assis¬ 
tance. 

2. New equations for central configurations 

In this section, we obtain trilinear homogeneous polynomial equations of 
degree 3 for central configurations of hxed dimension. 

Consider a configuration x = (xi,...,x„) G M'’*"’, and Ej the M—vector 
space generated by the vectors xi — Xj, ...,Xn — Xj in M'’*. 

Observe that, 6{x) = dimEj < n — 1, for all j = 1, • • • , n. Hence, we may 
suppose, without loss of generality, that d = n — k, for some A: > 1. Consider 
the inclusion map of into M”: 
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We can identify a configuration x = {xi,...,Xn) £ with a configu- 

2 

ration in M" by defining in{x) = {in{xi), ■■■, in{xn))- It is easy to see that 
6{x) = 6{Ln{x)). Moreover, since that in is an injective affine transforma¬ 
tion, X and X are equivalent up to symmetries if, and only if, in{x) and in{x) 
are too. 

Definition 2.1. We say that the n x n matrix 

^ ( ^n{xi') . . . in{Xn) ) 

is the associated matrix to the configuration x, and denote its determinant 
|X| by w{x). 

Notice that dimEj -|- 1 is precisely the number of linearly independent 
columns of the matrix X, so we have: 

(2.1) 5{x) = rank(X) — 1. 

Denote by where 1 < ii < ^2 < ... < ifc < n, the subconfiguration 

oi n — k bodies obtained from the configuration x by removing the bodies 
Xi^, ...,Xif,. The {n — k) X {n — k) configuration matrix of will be 

denoted by and we write Since the rank of X 

is n — k + 1, we have that / 0, for some choice of ii ,..., ik-i- 

Suppose that x is a configuration of dimension n — k with mass mi, ...,mn 
and consider X its matrix configuration. Define the quantities 

(2.2) Sij = Sji = rff - ro“, for i j, and rg" = M~^X, 

in which A is as in equation (jl.4jl . ft is easy to see that x is a central 
configuration with masses mi, ...,mn if, and only if, satisfies the equations 

n 

(2.3) ^ miSij{xi - Xj) = 0, j = 1,..., n. 

i=l 

Consider the {n — {k + l))-dimensional exterior product given by 

^ ^ ~ 

in which the terms {xj — xj), (xq — xj),{xi^ — xj) were omitted. Taking 
the wedge product of (j2.3p with vj^ we obtain: 

n 

(2.4) miSij{xi - Xj) A = 0. 

De fin e 

(2-5) 

By the Cramer rule, we see that the vector of -with j—th co¬ 
ordinates where j G {1,..., n} \ {zi,..., 4 . 2 } and 
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kj = : ii < j}, belongs to the kernel of the matrix Using ba¬ 

sic results of exterior algebra, we can prove that the equations (12.41) implies 
the following Theorem: 

Theorem 2.2. Ifx is a central configuration of dimension n—k with masses 
mi, then 

k 

(2.6) ~ 

1=1 

We notice that the last result generalize the formulae obtained by Williams 
for central conhgurations of the five-body problem given by the equations (5) 
of |Wil38| and provide trilinear homogeneous polynomial equations of degree 
3 for central configurations of fixed dimension that not depends explicitly of 

X. 

The next result provides a polynomial parametrization for Sij from a 
central configuration of dimension n — 2. Proofs can be found in |Alb03] 
and |Moeni| . 

Proposition 2.3. Let x be a central configuration with non-zero masses and 
5{x) = n — 2. If {Ai,An) G Ker{X), define 

(2.7) Wi := i = 1, ...,n, 

rui 

then there exists a constant k 0 such that 

( 2 . 8 ) Sij = KWiWj. 

Moreover, at least two of the Wi’s are non-zero. 

3. DeTERMINANTAL formulas for CENTRAL CONFIGURATIONS 

In this section, we obtain a dimension criterion for central configurations 
that depends only of their q = in(n —1) mutual distances Vij, 1 < i < j < n, 
and prove that the set of mutual distances associated to a A:—dimensional 
central configuration is contained in a determinantal algebraic set. 

The Cayley-Menger matrix associated to the vector s = {sifi G 1 < 
i < j < n is the (n -|- 1) x (n -|- 1) symmetric matrix given by: 



( 0 

1 

1 

1 . 

. 1 

\ 


1 

0 

Sl2 

Sl3 ■ 

Sin 


A{s) = 

1 

•512 

0 

S23 ■ 

■ S2n 



V 1 

Sin 

^2n 

^3n 

. 0 

/ 


The Cayley-Menger determinant is defined by F{s) =\ A(s) |. 

Index the rows and columns of A(s) from 0 to n. Note that we can 
associate a configuration x to a Cayley-Menger matrix A{r), also denoted 
by A{x), where r = (r^j) G is the vector of mutual distances between the 
points xi, ...,Xn. 
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Proposition 3.1. x is a configuration of dimension 6{x) = n — 2 if and 
only if raiik{A(x)) = n. 

This ProDosition is demonstrated in [Moe m- As an immediate conse¬ 
quence, we have that the Cayley-Menger determinant vanishes at all config¬ 
urations of dimension n — 2. Our objective in this section is to generalize 
this result. 

Lemma 3.2. Let x = {xi, ...,Xn) be a configuration, X its configuration 
matrix and A{x), the associated Cayley-Menger matrix. If the vectors 

'^1 (l^ll) • • ■) I’ln)) ■ {Vkl, ■ ■■, Vkn') 

are linearly independent and belong to the kernel of X, then the veetors 

n n 

\\Xifvu,Vu,-,Vln),-,Vk = {-'^\\Xifvki,Vkl,...,Vkn) 
i=l i=l 

are also linearly independent and belong to the kernel ofA{x). In particular, 
dim{Ker{X)) < dim{Ker{A{x))). 

Proof. Firstly, observe that the vi, ...,Vk belong to the kernel of A. In fact, 

n n n n n 

= WXif^Vij - 2Xi - ^VijXj + ^\\Xjfvij = ^\\xjfvij. 

j=l j=l j=l j=l j=l 

So, the vectors vi,...,Vk satisfy the linear equations of Ker{A{x)). A null 
linear combination of the vectors vi, ...,Vk allows us to obtain a null linear 
combination of the vectors vi,...,Vk. In this way, since vi,...,Vk are lin¬ 
early independent, so are vi,...,Vk. In particular, if {vi,...,Vk} is a base 
for Ker(X), then {vi, ...,Vk} are a linearly independent set contained in 
Ker(A(x)). Hence, dim{Ker{x)) < dim{Ker{A{x))). □ 

Denote by Fij{s) the cofactor of the entry Oij of A(s). Now, we are ready 
to prove the main result of this section: 

Proposition 3.3. The following conditions are equivalent: 

(1) 6{x) = n — k, k >2; 

( 2 ) rank{A{x)) = n — k P2. 

Proof. We prove this result inductively. Proposition 13.11 takes care of the 
case k = 2. Suppose that the equivalence is proved for n = 2 ,..., k — 1. We 
will prove the desired equivalence for n = k. 

To prove that (1) implies (2), let 5{x) = n — k. There exist indices 
fi, ...,ik -2 such that the configuration oi n — k + 2 bodies has di¬ 

mension 5 (a:ii... 4 _ 2 ) = n — k. By the Proposition 13.11 the Cayley-Menger 
matrix A(xq...ij,_ 2 ) rank n —A:-|-2. Hence, there exist io,jo £ {0,1, ...,n} 

such that ^ non-zero minor of the matrix Ob¬ 

serve that Tioio(®*i--. 4 - 2 ) i® determinant of a square submatrix {n — k + 
2) X (n — fc -|- 2) of the matrix A. Thus we have 

rank(A(a:)) > n — k + 2. 
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On the other hand, by Lemma [3.21 dim(Ker(74(a;))) > dim(Ker(X)) = k — 1. 
Hence, 

rank(H(x)) = n + 1 — dim(Ker(H(x))) < {n -\-1) — {k — 1) = n — k + 2. 

Next we prove that (2) implies (1). If rank(H(a:)) = n — k + 2, then 
dim(Ker(H(a;))) is equal to k — 1. By Lemma 13.21 dim(Ker(X)) < A: — 1. 

Suppose that dim(Ker(X)) =1 — 1, with I < k. From equation (|2.1I) . we 
obtain 6{x) = n—l. Asl < k, by induction hypothesis rank(H(3:)) = n—l+2, 
which is a contradiction. Hence I = k and rank(H(a;)) = n — k + 2. □ 

Corollary 3.4. Let x be a configuration. Then Ker{A{x)) and Ker{X) are 
isomorphic through the linear map 

T : Ker{X) Ker{A{x)) 

V = {vi,...,Vn) V = {-Y^'l^^\\Xi\\'^Vi,Vi,...,Vn) 

Consider the polynomial ring S = C[i?i 2 ,..., R(^n-i)n]- Let A{R) be the 
Cayley-Menger matrix associated to de vector R = ^ 

Therefore, every minor determinant of A{R) is a polynomial in S. Let Jk 
be the ideal of S generated by all the k x k minor determinants of A{R). 

_ _ _ _ _n(Ti —1) 

We denote by C C 2 , the determinantal algebraic set given by the 

zero locus of the ideal J^. The next result provides determinantal formulae 
for the vectors of mutual distances associated to a central configuration. 

Proposition 3.5. For each fixed k > 1, let r = (ri 2 , ■■■,r(^n-i)n) S C 
be a vector consisting of the mutual distances associated to a k—dimensional 
central configuration x. Every {k + 3) x (/c + 3) minor determinant of A{R) 
evaluated in r is zero. Moreover, r belongs to the quasi-affine algebraic set 
R^k+3 \ A^k+2- 

Proof. Given a central configuration x of dimension 5{x) = k and r = (rij) € 
its associated point of mutual distances, by Proposition 13.31 we have 
that rank(H(x)) = A: + 2. Therefore, every minor determinants of A{R) 
with size A: + 3 evaluated in r £ are zero. So r £ Nk+ 3 . Moreover, if 
T = (fi 2 , •■•)T(n-i)n) S A^fc +2 then rank{A{x)) < n — 2, which is inconsistent 
with our claim. □ 

Suppose that x is a central configuration of dimension n — 2 with non¬ 
zero masses. Hence, the kernels of the matrices A(x) and X are isomorphic 
and have dimension 1. If (Ai,...,A„) is the unique generator of Ker{X), 
then the unique generator of Ker{A{x)) is (Aq, Ai,..., A„), where Aq = 
We also know that every line of the cofactor matrix of 
A(x) belongs to its kernel. Hence, there exist non-zero constants such 
that Fij = biXj. Since A[x) is a symmetric ftjAj = Fij = Fji = bjAi. In 
this way, we get that 

/ 60 • • • bn \ 

\ Aq ... An J 
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has rank 1. Since the second row of this matrix is non-trivial, there exists a 
unique a / 0 such that aAj = bi. This proves the following result; 

Proposition 3.6. Suppose that x is a central configuration of dimension 
n — 2. If (Aq,..., A„) belongs to the kernel of A{x), there exists an unique 
non zero constant a such that 

(3.1) Fij = aAiAj, 0 <i,j < re. 

Moreover, at least two Aj ’s are non zero real numbers. 

4. The Algebraic Set of (re - 2 )-Dimensional Central 

Configurations 

In this section, we define a family {P“} 2 aez\{o} of quasi-affine algebraic 
sets on such that contains every point associated to an (re — 

2 )—dimensional central configurations associated to the potential Ua, for 
every a £ f \ {0}. 

Consider a; an (re — 2)—dimensional central configuration with respective 
masses mi, Up to an homothety on x we may consider ro = 1 in 

the equations (|2.2I) . This homothety fixes a representant of the class of x 
modulo dilations. 

Let be the set of all classes modulo symmetries of (re —2)— dimensional 
central configurations with nonzero semi-integer exponent a such that ro = 
1. Toward a solution for finiteness problem, we can restrict our attention to 
the set 

We use the notation {r, z, AQ,m) for an arbitrary point of with 

coordinates (ri 2 ,..., r(„_i)„, zi, ..., Zn, Aq, rrei,..., rre„). 

From now to the end, rij denotes a coordinate of a point in P G 
When P is associated to x, a (re — 2)—dimensional central configuration, we 
write Px in place of P. In this case rjj’s represent the mutual distances of 
X and, in particular, are positive real numbers. 

An association between points of and elements of will be 

established in the theorem im The ring of regular functions on 
will be denoted by T = C[Pi 2 ,..., P(„_i)„, Zi, ...,Z„, A,Mi, ...,M„]. 

Define the following algebraic set 

U“ = {(r, z, Ao, m) G : gf. = 0, F{R) = 0, T^ = 0, / = 0,..., re}, 

where F{R) G T is the determinant of the Cayley-Menger matrix A{R), 
ro = E ]=1 MjZj, Ti = A + Y:]=i MjZjRl, I = I,..., re, and 

a ^ f Rlj - 1 - if re > 0, 

\Rr^%ZiZj + l)-l, ifa<0 , 

for which I < i < j < re. 

Theorem 4.1. Let x be an (re — 2) — dimensional central configuration with 
respective masses mi, ...,mn and semi-integer exponent a G f \ {0}. There 
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exists a multivalued function fa ■ 31°" that associates x to the points 

Px = (r, Zi, Ao,m) and Pf = (r,-zi, -Aq, m) G V°-, for 

which r = (nj) is the vector of mutual distances of x, m = (mi) is the 
vector of the respective mass of x and the Zi’s and Aq are determined by 
polynomial equations that define V°‘. Moreover, the numbers and mi are 
real and positive, the numbers Zi’s and Aq are all real or all pure imaginary 
and there exist at least two nonzero Zi’s. 

Proof. Let X be the configuration matrix of x. Consider the quantities Aj 
defined in the equations (j2.5j) for the case k = 2. We have that (Ai,A„) G 
M” belongs to the kernel of X. Applying the Proposition I2..SI we have that 
there exists quantities wi,...,Wn such that the mutual distances of x 
satisfies the following equations 

(4.1) — 1 — KWiWj = 0, 1 < i < j < n. 

In order to eliminate the constant k, we choose the principal branch of the 
complex square root function and make a change of variables w e-)• y/nz, 
obtaining the following set of equations: 

(4.2) — 1 — ZiZj =0, 1 < i < j < n. 

Note that if k > 0 then the quantities Zj are all real number, and if k < 0 
the quantities zj are all pure imaginary complex numbers. 

We remark that if we choose the other branch of the square root we obtain 
the same correspondence between x and the points of V^. 

Observe that, ii zi,Zn are such as in (14.2p . making 

n 

(4.3) Aq = — WxjW'^mjZj, 

i=i 

we have that the vector (Ao,miZi, ...,mnZn), belong to the kernel of A(x). 
Writing the equations for the kernel of A(x) explicitly we obtain; 

n n 

(4.4) ^ mjZj = 0, Ao + ^ ^jZjr]i = 0, 1 = 1 ,..., n. 

i=i i=i 

Hence x can be associated to a point Px = (r, z, Ao,m) where r is their 
vector of mutual distances, m = (mi, ...,mn) is the mass vector of x, zi,..., z„ 
and Aq are all real or all pure imaginary numbers determined by the equa¬ 
tions of Ker(A(a;)). 

By the equations (14.2p and (14.4p then gfj(Px) = 0, ro(Pa;) = 0 and Ti(Px). 
Since 6(x) = re — 2, by the Proposition 13.II we have that F(Px) = 0. Hence, 
Px G Finally, if x is associated to two points Px = (r, z,Ao,m) and 
Pf = (r, z*, AQ,m) of then, since dim(Ker(A(x))) = 1, for some C / 0, 
holds (A, z) = ^(A*, z*). By the equations ()4.4p there exists Zjg and Zj^ both 
nonzero. Comparing the equations gf^j^{P{x)) = 0 and gf^-^(Pf,) = 0 we get 
= 1. This proves the result. 


□ 
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Lemma 4.2. Let F{R) be the determinant of the matrix A{R) and Px = 
(r, z, Ao, m) a point associated to x, a {n — 2) — dimensional central configu¬ 
ration. Then 


(4.5) 


dF 

dRij 


{Px) = AarijmiZimjZj, 


1 < * < i < n- 


for which a is a constant defined as in Proposition I3.6L 


Proof. By the chain rule and the symmetry of the Cayley-Menger matrix, 
we have 

dF 

= 2{RijFij + RijFji) = ARijFij. 


OR 


V 


Since Px G {Aq, mizi, ...,mnZn) G Ker(^(x)), by Proposition 13.61 we 
get 


dF 


(Px) = irijFij{Px) = iarijmiZimjZj, 1 < i < j < n. 


V 


□ 


Proposition 4.3. Let x be a {n — 2)-dimensional central configuration with 
semi-integer exponent a G ^ \ {0} and Px G one associated point. 

Consider the polynomials 


\l/“ 

I 


p-2a+l dF 
dRu 


n R 


.2a-1 
kl dRii 


7 \ _i_ p—2a+l 

+ + m. 

n 


dF 


Zx + ... + 


dF 7 

R 




n: 

2a-1 dF 
kl dRin 


if a < 0, 
if a > 0, 


i=l,...,n. Then, for every a G f \{0}, the equations ^^{Px) = 0 do not hold 
simultaneously. 


Proof. We prove this result only in the case a < 0, the other case is similar. 
Using equations (14.51) we obtain, for each i = 1, • • • , n, 

lUPd + ... + 


dR 


li 


drn_ 

=AamiZi{mirf2°‘^‘^ zl + ... + 


The quantities Zi are all real or all pure imaginary and at least two of them 
are non-zero. Besides, the masses and mutual distances are strictly positive 
and the constant a is non-zero. Hence, the equations '^^{Px) = 0 cannot 
vanish simultaneously. □ 

Proposition 4.4. For every a G ^ \ {0}, the quasi-affine algebraic set 

U“ = U“ \ {Wi UW2U W^) 
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contains every points Px associated to (n — 2) — dimensional central configu¬ 
rations, where 

= {{r,z,Ao,m) e C^+2-+i ; HR,. = o}, 

i<j 

W 2 = Ur,z,Ao,m) G C^+^n+i . ^..(^ 2 .) ^ 

= {(r, z, Ao, m) £ = 0, i = 1, 

Proof. Consider Px £ /a(X“), where fa as in Theorem 14.11 By construction 
of fa, Px £ V°'. Note that Px not belongs to Wi because the mutual distances 
rij associated to a (n — 2 )—dimensional central configuration are non-zero. 
By Proposition 13.51 applied in the case k = n — 2, Px ^ W 2 . Finally, as 
consequence of the Proposition 14.31 Px 0 IF 3 • This proves the result. □ 

Note that contains points of which are not associated to 

central configurations. We also denote the points of by P. 

5. The Jacobian Criterion 

In this section we present the fundamental tool we use in order to cal¬ 
culate the dimension of V°‘. The references for this section are |Sha94] 
and [SKKTnnj . 

Let W be an affine algebraic set with ideal I{W) = {Gi, where 

Gi,...,Gi £ ]K[Y’i,..., W] and K is an algebraically closed field of zero char¬ 
acteristic. Let Q be a point of W. The tangent space of W at Q is the linear 
variety 

0qW = Z{dGi\Q{Y - Q), ..., dGi\Q{Y - Q)) c AJ, 
where denotes de n—dimensional affine space over K and Y = (Yf, ...,Yn). 

It can be proved that the tangent space is independent of the choice of 
generators for the ideal liW). 

Definition 5.1. The dimension of an algebraic set IT at a point Q £ W, 
denoted by dirnglT, is the maximum of the dimensions of the irreducible 
components of W that contain Q. A point Q is said to be nonsingular if 
dimQ(IT) = dim( 0 QlT). 

Theorem 5.2 (Jacobian criterion). Let W be an affine algebraic set with 
ideal I{W) = (Gi,..., Gi). Then Q is a nonsingular point of W if and only 
if the rank of the Jacobian matrix J{Gi ,..., Gi){Q) of the ideal I{W) at the 
point Q is equal to n — dimqiyV), where, as usual, 

j{Gi,...,Gi){Q)=(^{Q)) 

\ / l<k<l, l<j<n 

It can be proved that VP is a quasi-projective algebraic set then 

dim(0gIT) > dimQ(IT), 

VQ £ W and it is easy to see that dimW = maxg^vudirnglT. This gives an 
upper bound for dim(W) in terms of the rank of the Jacobian matrix. 
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6. The Jacobian Criterion and Generic Finiteness 

In |Moe01j . Moeckel defined an algebraic set very similar to as in 
Proposition 14.41 for a = —3/2, and computed its dimension using the fi¬ 
bre dimension Theorem and resultants. In this section, by using Jacobian 
criterion, we prove that dimI4“ < n for each a € f \ {0}. This permits 
us to extend the generic finiteness result obtained in [Moeni| for potentials 
with semi-integers exponents. We work only in the case a < 0, because 
the case a > 0 is similar. Remember that the case a = 0 is trivial. For 
a point P = (r, z,Ao,m) G F“, the Jacobian matrix F,Ti){P) is the 

(g -|- n -|- 2) X (g -|- 2n -|- 1) block matrix given by 


/ 

[-mP) 

qxq 


'dgf. 

[-uiP'i 

gxn 


dgfi 

d(A,M)F^ 

\ 

qrx(n+l) 

[!(-)] IX. 

[if(-)]lxn 


d{A,M)F^ 

lx(n+l) 

V 


(n+l)xg 



(n+1) xn 


d(A,M) 

(n+l)x(n+l) / 


where F{R) is the determinant of the Cayley-Menger matrix A{R), Fq = 
E]=i MjZ„ Ti = A + x:;=i MjZ.Rl, I = 1,..., n, and 

a ^ iRlj - 1 - ZiZj, if a > 0, 

+ ifa<0 , 

for which 1 < i < j < n. 

Now, we estimate the rank of J{gfj,F,Ti){P) calculating the rank of its 
blocks. 


Lemma 6.1. Consider 


J{9?rF){P) 


( 

r 



\ ^9ii 


\ [1(^)] 

mip] 


If a < 0, for every point P G I4“, J{gf-,F){P) has a non-singular square 
submatrix H{P) of order g -|- I. In particular, J{gfj, F){P) has maximal 
rank. 


Proof. Let 5ij be the Kronecker’s delta. Using the fact that P G U“ we get 
Fimiti (P) = 6ik6ji{—2a), for which 1 < i < j < n and 1 < k < I < n. 


dg^- 

Hence, -Q]f{P) is a diagonal matrix of entries Moreover, 




is a matrix whose entries is given by = r‘f^{6iiZj + djiZi), [f^(P)] is the 
gradient of F and [f§(P)] is a null matrix. 

By definition of U“, applying a linear isomorphism, if necessary, we have 
that every point P G U“ does not satisfy the equation: 


T?(P) = r 


-2a+l 
12 


dP 


OR 


12 


iP)z 2 + 


I .,^~2a+l 

T" 'in 


dP 

dR 


In 


{P)Zn = 0 . 
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By selecting the first q + l rows and columns of F){P), we get the 
following submatrix (g + 1) x (g + 1) : 


HiP) = 


/ —2a 
/ ri2 


0 

0 


0 
V 


0 


—2a 

rin 

0 


0 

dF 


dRln 

Applying the column operations: 
1 

on H{P), we obtain 


0 

0 

0 

—2a 

(n — l)n 

dF 


-2a 

12 


22 \ 


'In 

0 

0 


CaA-^ ^ 2i+lCi “1“ C*g+1) i — Ij U 1; 


HiP) = 


0 


ri2 




0 

—2a 

0 

0 


rin 



0 

0 

—2a 

^(n —l)n 

0 

dF 

dF 

dF 

7 / 

\ dRi2 

■ ■ ■ dRiu 



where 


7nr^ — F) 0 / 




Zn = 


^f{P) 

2a 


The determinant of the matrix above is given by the product of the elements 
on the diagonal. Therefore it is given by —{—2ay~^'^i{P)Wr~^ ^ 0, since 
P 0 W\. Hence J{gfj, F){P) has maximal rank. □ 


Let = Hi U ... U 14 the decomposition of H“ in irreducible components 
and consider the algebraic sets = {(r, 2:, Ao,m) G V°' : Zk = 0}, k = 
1,..., n. We have two cases for consider: H D^, \/k or H C for some k. 
To compute de dimension of H“ we need to calculate the rank of 





( 0 

Zl 

Z2 

23 

Zn 


r >QT 1 


1 

0 

ZPl2 

22r^3 . 

• Znvy 

(6.1) 

^' (p) 

d{A,My \ 

= 

1 

ZPu 

0 

^2ri3 . 

■ Znr^n 




V 1 

ZPln 


zsrin ■ 

■ 0 / 


in the two cases above. 
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Lemma 6.2. Let Vi be a irreducible component of . If Vi (fi D^, Vfc, 
there exists an open subset U & Vi such that for each P G U, 


9^1 (p\ 

d{A,M) 


has rank n. In particular, for each P gU , has a non-singular 

square submatrix G of order n. 

Proof. There exists an open subset U V Vi such that if P = (r, z, AQ,m) G U 
then Zi / 0, Vi. Note that, ii P G U, then and A{r) are 

columns equivalent, so rank ^ a(A^A.f) (P) ) = rank(^(r)) which is equal to 
n, by Proposition 13. II □ 


In order to estimate the dimension of the irreducible components of 
we remark that if V is an irreducible algebraic set and U is an open subset 
in the induced topology on V then U = V, dimC/ = dimlV and I{V) = I{V). 

Proposition 6.3. IfVi<fL D^, V/c, then Vi has dimension at most n. 


Proof. Let U C 14 be as in the Lemma [621 For P G U, there exists, M{P), 
a square submatrix of order q + n+ 1 oi J{gfj, F, Ti){P) such that: 


M{P) = 


P(q+l)x{q+l) 

0(g+l) xn 

Fnx((}+1) 

Gnxn 


for which, H as in the Lemma 16.11 G is like in the Lemma 
is a null submatrix of 
M{P) is block triangu’ 


d(A,M) 


dr, 

d(R,Z) 


0(g+l)xn 

Since 


and y is a submatrix of 

ar and the matrices H and G are non-singular , 
M{P) is non singular of order n + q + 1. Hence, by the Jacobian criterion, 
dimp(t/) = dimp(I4) < n. This implies that dim(C/) = dim(Vi) < n. □ 


Lemma 6.4. Let Vi he an irreducible component of V°‘ such that Vi C Dk 
for some k, then there exists an open subset U G Vi and t G {l,...,re} 
such that for each P G U, we have that Z\,...,Zi G I{U) and n — t < 


rank 


a(A,M )' 


(P) ) < {n—t)+l. In particular, for each P G U, 


d(A,M) 


has a non-singular square submatrix G of order n — t or n — t + 1. 


Proof. In this case we can suppose, without loss of generality, that there 
exists unique t G {1, ...,n} such that 14 C and 14 . 

There exists an open subset U C Vi such that, for every P G U, we have that 
zi = ... = zt = 0 and zt+i,...,Zn / 0. In particular Zi,...,Zt G I{Lf). Let 


"^ 0 ) ) r-n 


be the column vectors of 


ar; 

d{A,M)' 


{P) in (16.ip . All the entries 


of the columns vi, ...,vt are equal to zero. The columns vo,vt+i, ...,u„ are, 
up to rescaling with a non-zero constant, column vectors of the matrix A{r). 
Since A{r) has rank n, no more than one of the n — t + 1 column vectors 
is a linear combination of the others, so the linear space generated by them 
has dimension n — t or n — t + 1. Hence we get the desired inequality. □ 
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Proposition 6.5. // C D^, for some k, then dimVi < n. 


Proof. Let U G Vi and t G n} like in Lemma 16.41 The polynomials 

gfj, F, T;, Zi,...Zt belong to the ideal of U. Analogous to the proof of 
the Proposition consider, for every P ^ U, the following submatrix of 
J{gfj,F,ri,Zu...Zt){P): 



^ H{q+l)x{q+l) 

dfq+ljxti 

0(g+l)xt 


M{P) = 

dux(ij+i) 

Guxu 

Ouxt 



\ 0ix(q+l) 

^txu 

Itxt j 

(q+n+l)x(g+n+l) 


for which FI is as in the Lemma (6.11 G is a square submatrix of I a(A,M) 
of maximal rank and Otx(g+i)) Otxu and Itxt, tbe identity matrix of order 
t, are submatrices of J{Zi,Zt){P). Note that, by Lemma 16.41 the order 
of G is tt = n — t or {n — t) + 1. Since M{P) is block-diagonal, and the 
matrices Lf, G and I are non-singular, M{P) is non singular. In this way, 
the rank of the Jacobian matrix Jigfj, F, P;, Zi, ..., Zt){P) is greater than or 
equal to n-|-g-|- 1. So, by Jacobian criterion, dimp(17) = dimp(Vi) < n and, 
consequently, dim([/) = dim(14) < n. □ 


Theorem 6.6. dimfV^) < n, for every a G j \ {0}. 


Proof. For every point P G we have that dimply < n, for every compo¬ 
nent Vi of V such that P G Vi. Hence dimpP“ < n for every point P G 
Since dimH“ = maxpgyadimpP“, the result holds. □ 


Now. we will follow the last section in |Moe m in order to obtain the 
result of generic finiteness for central configurations with homogeneous semi- 
integer potentials. 

Consider the projection tt : C" such that 7r(r, z, Aq, m) = m. Note 

that vr is a regular morphism. If the restriction of vr to V) is a dominant map 
we say that V) is mass dominant. 

Theorem 6.7. There exists an algebraic set B C C”, such that if m G 
C” \ B, then the fibre 7r~^{m) is finite. 

Proof. If Vi is not mass dominant, defining Bi = 7r(I4) for every m G C”\Hj, 
7r“^(m) n 14 is empty. 

If Vj is mass dominant, then dimI4 > dimC” = n. Hence dim(I4) = 
n. Since the projection is regular, Vj and C"' are irreducible, by the fibre 
dimension Theorem, we have that there exists an closed set Aj such that if 
m G€F\Aj, then 7r“^(m) fl Vj is finite. 

Consider B = ((UjHj) U {GjAj)). By choosing m G C"" \ H we have that 
the fibre 7r“^(m) is finite. 

□ 
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Theorem 6 .8. There exists a proper subvariety of the space of mass, B C 
M"', such that if m € M”’ \ B, then for every a € ^, m admits only a 
finite number of (n — 2)-dimensional central configurations of dimension 
6{x) = n — 2 with potential Ua up to symmetry. 

Proof. If the proper subvariety B C C”' is the algebraic set obtained in 
Theorem 16.71 then we have that B := B D M” C M” is a proper subvariety of 
M”, and if m G W^\B the fibre 7r“^(m) is finite. This implies that for a fixed 
generic mass vector m, we have a finite number of possibilities for the mutual 
distances rij associated to a (n —2)—dimensional central configurations. The 
mutual distances determine the configurations up to rotation and reflection. 
Hence, the Theorem is proved. □ 

Remark 6.9. Let x be a (n — 2)—dimensional central configurations with 
at least one negative mass. Note that, using the same argument of the 
Proposition 14.11 we can associate x to the points Px and Pf G 14- However, 
in this case, Propositions 14.31 and 14.41 are no longer true. In the other hand, 
if dimp^(I4) > n then the fibre 7r“^(m) in 14 has dimension greater than or 
equal to 1. Hence, we believe that is possible to produce continuum of (n — 
2)—central configurations searching points Px G W^nVa and dimp^(I4) > n. 

Finally, we prove that for a generic choice of masses the number of the cor¬ 
respondent {n — 2)—dimensional central configurations has an upper bound 
that is independent of the choice of m. 

Denote a point (ri2,..., i)n, n,wi,. ..,Wn) G by {r,K,w). Fol¬ 

lowing again the last section of [Moe01| . we use a Theorem provided by 
Thom and Milnor ( |Mil64] and |Tho65| L 

Theorem 6.10. Consider fi,...,fm G M[xi,...,Xn] and define the set X = 
{x G M"' : /i = ... = /m = 0}. Then, the number of connected components X 
is lower or equal to /3(2/3 — for which /3 = max{deg{fi ),..., deg{fm)}- 

Theorem 6.11. If n > A, for every m = (mi, ...,mn) G \ B, the 
number of (n — 2)—dimensional central configurations with mass mi, ...,mn 
and potential Ua, a E is less than or equal to /3(2/3 — I)'?"''”, where /3 is 
max{—2a + 2,2n} if a < 0 and max{2a,2n} ifa>0. 

Proof. We prove the Theorem for o > 0. For the case a < 0 the proof is 
analogous. Choose m = (mi, ...,mn) G M” \ B. Every (n — 2)—dimensional 
central configuration associated to m belongs to the set 

Xm = {(r, At, w) G : F = 0, = 0, Hq = 0, - H,- = 0}, 

for which 1 < i < j < n, gf- = Rjj — 1 — KWiWj, F is the determinant of 
the Cayley-Menger matrix A(R), Hq = J2k=i''^kWk, Hi = 
and the masses mi, ..., are constants. Note that gfj, F, Hq and Hi belong 
to iF, IFi,..., H4]. By Theorem I4.lt every point of X^ is 

associated at two points of 7r“^(m), so Xm is finite. Observe that deg(F) = 
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2n, deg{gij) = 2a, for every a > 0, 1 < i j < n, and deg(f2j) < 3 for 
every 0 < j < n. Since n > 4 implies 2n > 2, the maximum degree of 
the polynomials that define the set X \s (5 = max{2a, 2n}. Observe that 
/3 is independent of the choice of masses. By Theorem 16.101 the number 
of connected components of X is at least /3(2/3 — 1 )'?"'■”. Since X^ is finite, 
every point of X determines your connected component. In particular, every 
(n — 2)—dimensional central configuration associated to m determines an 
unique connected component of Xm- This proves the result. □ 
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